arXiv:math/0211255v3 [math.QA] 22 Sep 2003 


Module categories of simple current extensions of 
vertex operator algebras 

Hiroshi Yamauchi 

Graduate School of Mathematics^ 

University of Tsukuba, Ibaraki 305-8571, Japan 

E-mail: hirocci@math.tsukuba.ac.jp 


Abstract 

We study module categories of simple current extensions of rational C 2 -cofinite 
vertex operator algebras of CFT-type and prove that they are semisimple. We also 
develop a method of induced modules for the simple current extensions. 


1 Introduction 

Simple current extensions of vertex operator algebras (VOAs) seem to be the most realistic 
and effective construction of new vertex operator algebras, and have many applications. 
It is shown in [H4] that the famous moonshine VOA is a Z 2 -graded simple current 
extension of the charge conjugate orbifold of the lattice VOA Va associated to the 
Leech lattice A. On the other hand, it is initiated in [DMZ] to study the moonshine 
VOA as a module for a sub VOA inside Vh The merit of this method is that we can 
dehne some automorphisms using fusion rules for a sub VOA, see [Ml]. In [LLY] they 
constructed a series of Z 2 -graded simple current extensions of the unitary Virasoro VOAs 
and computed all the fusion rules for the extensions. A new kind of symmetry is obtained, 
and the symmetry is shown to be a 3A-triahty of the Monster in [SYj. In [LYY], they 
also use simple current extensions to study Vh Thus, simple current extensions are useful 
to study the Monster through V^. However, to dehne automorphisms by using a sub 
VOA, we have to establish the rationality of the sub VOA. In this paper, we establish the 
rationality of the simple current extensions of rational 02 -cohnite vertex operator algebras 
of CFT-type. 

The main tool we use in this paper is the ’’associativity”. By Huang’s results, in¬ 
tertwining operators among simple current modules have a nice property so that in the 
representation theory of a simple current extension with an abelian symmetry we can 
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find certain twisted algebras associated to pairs of the abelian group and its orbit spaces. 
The twisted algebras can be considered as a deformation or a generalization of group 
rings and play a powerful role in our theory. Using the twisted algebras, we can show 
that every module for a simple current extension of a rational C' 2 -cohnite VOA is com¬ 
pletely reducible. Furthermore, we can parameterize irreducible modules for extensions 
by irreducible representations of the twisted algebras. 

We also develop a method of induced modules. We show that every irreducible module 
of a rational C' 2 -cohnite vertex operator algebra of CFT-type can be lifted to a twisted 
module for a simple current extension with an abelian symmetry. This result concerns the 
following famous conjecture: ’’For a simple rational vertex operator algebra V and its hnite 
automorphism group G, the G-invariants called the G-orbifold of V, is also a simple 
rational vertex operator algebra. Moreover, every irreducible module for the G-orbifold 

is contained in a ^f-twisted U-module for some g G G.” Our result is the converse of this 
conjecture in a sense. Actually, we prove the following. Let U° be a simple rational VOA 
of CFT-type and D a hnite abelian group. Then a D-graded simple current extension 
Vd = ©aeoU" is (j-regular for all a & D*. Here the term ’’a-regular” means that every 
weak (T-twisted module is completely reducible (cf. [Y]). Moreover, for an irreducible U°- 
module W, we can attach the group representation y ; D —> Z/nZ such that the powers 
of in a U°-intertwining operator of type V°‘ x {V^ Klyo W) V°‘^^ Klyo W are contained 
in y(Q;) -|- Z for all a,(3 ^ D. Finally we prove that W can be lifted to an irreducible 
y-twisted UD-module, where y is an element in D* dehned as y(Q;) = for 

Oi G D. 

This paper is organized as follows. In Section 2 we mainly study ’’decompositions” 
of Uo-modules as U°-modules. It is proved that Vd is a-regular for all a E D*. In 
Section 3 we study ’’induction” of Uo-modules from U°-moduIes, which is a converse step 
of Section 2. As an application, we complete the classihcation of all Zs-twisted modules 
for the vertex operator algebra constructed in [SY]. 

2 Representation theory of simple current extensions 

Throughout this paper, denotes a simple rational G 2 -cohnite vertex operator algebra 
(VOA) of CFT-type. In particular, is regular by [ABD]. In this paper, we assume 
that the module category of is well-known in a sense that all irreducible modules and 
all fusion rules are classihed. 

We recall a dehnition of tensor product. A theory of tensor products of modules of a 
vertex operator algebra was hrst developed by Huang and Lepowsky in [HL1]-[HL4], and 
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Li considered it in a formal calculus approach in [Li], Huang and Lepowsky’s approach 
contains not only intertwining operators, but also intertwining maps. However, since we 
will work over a simple situation, in this paper we use Li’s dehnition which is enough for 
us. 

Definition 2.1. ([Li]) Let W^, be H°-modules. A tensor product (or a fusion product) 
for the ordered pair is a pair {W^MyoW‘^,F{-,z)) consisting of a H'^-module 

IH^ Klyo IH^ and a H°-intertwining operator F{-,z) of type x W^MyoW"^ 

satisfying the following universal property: For any H°-module U and any intertwining 
operator I{-,z) of type x U, there exists a unique H°-homomorphism ip from 

to U such that /(-, z) = ipF(-, z). 

Remark 2.2. It is shown in [HL1]-[HL4] and [Li] that if a VOA V is rational, then a tensor 
product for any two H-modules always exists. It follows from dehnition that if a tensor 
product exists, then it is unique up to isomorphism. 

For simplicity, we will often denote a tensor product (IF^ Klyo IF^, F(-, z)) simply by 
IF^ Kyo IF^. 

Definition 2.3. An irreducible F°-module U is called a simple current if it satishes: For 
any irreducible F°-module IF, a fusion product U Klyo IF is also irreducible. 

We study an extension of F° by simple current modules. Let D be a hnite abelian 
group and assume that we have a set of irreducible simple current F°-modules {F" | a G 
D} indexed by D. 

Definition 2.4. An extension Vd = ©aeoF" of F° is called a D-graded simple current 
extension^ if Vd carries a structure of a simple VOA such that Y{x°‘,z)x^ G V°‘~^^{{z)) 
for any G F" and x^ G F^. 

Remark 2.5. It is shown in Proposition 5.3 of [DM2] that the VOA-structure of Vo over 
C is unique. 

In the following, Vd always denotes a D-graded simple current extension of F°. Let 
D* be the dual group of D, that is, the group of characters of D. With the canonical 
action, D* faithfully acts on Vd- So we may view D* as a subgroup of Aut(FD). Then it 
follows from [DM1] that F" and F^ are inequivalent F°-modules if a 7 ^ /?. 

Lemma 2.6. Vd is C 2 -cofinite. 

^We assume that the vacuum vector and the Virasoro vector of Vd is the same as those of 
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Proof: Since we have assumed that is a C' 2 -cohnite VOA of CFT-type, we can use 
a method of spanning sets for modules developed by several authors in [B] [M2] [Y], and 
we see that all a E D, are C' 2 -cohnite Y°-modules. Then the assertion immediately 
follows. I 

2.1 Twisted algebra Ax{D,Sw) 

Let W be an irreducible Y°-module. In this subsection we describe a construction of the 
twisted algebra from W and Y", a E D. Since all Y", a E D, are simple current V^- 
modules, all Y" Klyo W, a E D, are also irreducible Y°-modules. By the results of Huang 
[HI] [H2] [H3], fusion products among H'^-modules satisfy the associativity. Therefore 
H" Klyo IT 7 ^ 0 for all a G T) and Dyy := {a E D \ Klyo IH ~ IH} forms a subgroup 
of D. Set Sw ■= D/Dw- Then Sw naturally admits an action oi D. By dehnition, Dw 
acts on Sw trivially. Let s E Sw and take a representative a E D such that s = a + Dw- 
We should note that irreducible H°-modules V°‘ Klyo W and Klyo W are isomorphic if 
and only if a — P E Dw- Thus, the equivalent class of Klyo W is independent of choice 
of a representative a in a + Dw and hence determined uniquely. So for each s E Sw-, we 
dehne W® := V°‘ Klyo W after hxing a representative a E D such that s = a + Dw- 

Let a, ^ D and s E Sw- It follows from the associativity of fusion products that 
V°‘ Klyo W® = lH®+“, where s + a denotes the action of a G T* to s G Sw- Take basis 
of the 1 -dimensional spaces of H°-intertwining operators of type x W® —W®"*"". 
By an associative property of l/°-intertwining operators (cf. [H1]-[H3]), there are (non¬ 
zero) scalars \s{a,P) ^ C such that the following equality holds: 

(y Z2)w^) = \s{a, P){u, /“+^(Yy^(a;", Zo)x^, 

where x" G H", G V^, w® G W® and u E (lH®+"+^)*. We normalize intertwining 
operators I%-,z) to satisfy Ig{l,z) = idy/^. In other words, I%-,z) are vertex operators 
on H°-modules W®. By considering 

A', Z2)I]ix'>, 

we can deduce a relation 

As+ 7 (a, P)\s{a + P,A = P -t- A^siP, 7)- 

By the normalization /°(1, z) = idy/^, the A 5 (-, above also satisfy a condition As(0, a) = 
A 5 (q;, 0 ) = 1 for all a G iA and s E Sw- Using \s{a,P), we introduce the twisted 
algebra. Let q{s), s G Sw, be formal symbols and CSw ■= ©se*SM/Ug(s) a linear space 
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spanned by them. We define a multiplication on CSw by q{s) ■ q(t) := 6s,tq{s). Then 
£,Sw becomes a semisimple commutative associative algebra isomorphic to Let 

U{CSw) '■= {XlsScSw.I G C*} be the set of units in CiSvc- Then U{CSw) forms 
a multiplicative group in C5v(/. Define an action of a G D on CiSp^/ by g(s)" := g(s — a). 
Then U{CSw) is a multiplicative right D-module. Set \{a,P) = J2s&Sw ^ 

U (CiSiy). Then A(-, •) defines a 2-cocycle DxD ^ U{CSw) because it satisfies a 2-cocycle 
condition 

A(a, py ■ X{a + /3, 7 ) = A(a, /3 + 7 ) ■ A(/3, 7 )- 

Since the space of DLintertwining operators of type x is 1-dimensional, 

A is unique up to 2-coboundaries. Namely, A defines an element of the second cohomology 
group U{CSw))- Let C[iA] = ©ae^Ce" be the group ring of D and set 

Ax[D, Sw) '■= C[iA] © CSw = ^ ® q{s) | o; G D, s G Sw, f^a,s ^ C 

and define a multiplication * on A\{D,Sw) by 

e“ © q{s) * © q{t) := At(Q;, © g(s)^ ■ q{t). 

Then A\{D,Sw) equipped with the product * forms an associative algebra with the unit 
element ® X[x{D,Sw) the twisted algebra associated to a pair 

(D, 5w)- 

Remark 2.7. The algebra Ax{D,Sw) is called the generalized twisted double in [DY]. It 
naturally appears in the orbifold theory, and has been studied in many papers. For 
reference, see [DVVV] [DM3] [DY] [Ma]. 

Take an s G Sw and set C[D]©g(s) := ©ag/)Ce“ © g(s). Then C[D]©g(s) is a 
subalgebra of Ax{D,Sw)- It has a subalgebra C[Dw] C)q{s) := ©aeDv^Ce" © g(s) which 
is isomorphic to the twisted group algebra C^^Dw] of Dw associated to a 2-cocycle 
As(-, ^ Z‘^{Dw)C). There is a one-to-one correspondence between the category of 

[Dvi/]-niodules and the category of Aa(D, iSH/)-modules given as below: 

Theorem 2.8. ([Ma] [DY, Theorem 3.5]) The functors 

Ind^t : M G [Dw]-Mod ^ C[D] © q{s) (g) M G Ax{D, Sw)-Mod, 

C[Dw] ® q{s) 

RedcAA^[J];^Y^ N e Ax{D,Sw)-Mod ^ q{s)N e C^^[Dw]-Mod 

define equivalences between the module categories C'^®[Dw]-Mod and Ra(D, iSH/)-Mod. In 
particular, Ax{D,Sw) is a semisimple algebra. 
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2.2 Untwisted Modules 


Let M be an indecomposable weak Vo-module. Since is regular, we can find an 
irreducible K°-submodule W of M. We use the same notation for Dw, Sw, A\{,D,Sw) 
and C^‘[Dw] as previously. We should note that the definition of Dw is independent of 
the choice of an irreducible component W. One can show the following. 

Lemma 2.9. ([SY, Lemma 3.6]) All O" ■ W = {Y) a-nW \ a G O", w EW,n G Z}, a E D, 
are non-trivial irredueible -submodules of M. 

Denote hj D = ljr=i(^* + Dw) a coset decomposition of D with respect to Dw- Set 
'■= Then Vd^ forms a sub VOA of Vd, which is a Dvc-graded 

simple current extension of and Vd = ©”=lVD^y+^i forms a D/D^y-graded simple 
current extension of Vd^- As we have assumed that M is an indecomposable Vo-module, 
every irreducible D°-submodule is isomorphic to one of D** Klyo W, i = 1,..., n. 

Remark 2.10. Denote by the sum of all irreducible D°-submodules of M isomor¬ 

phic to D** Klyo W. Then we have the following decomposition of M into a direct sum of 
isotypical l/°-components with a D/Dvy-grading: 

n 

M ^Dw+tE ^Dw+r ■ ^Dw+n = 

t=l 

In particular, if M is irreducible under Vd, then each is an irreducible VDy^- 

module. Thus, viewing Vd as a D/Dvy-graded simple current extension of VD^;^,, we can 
regard M as a D/Dw-stah\e Vo-module (for the D/Dvy-stability, see Definition 2.15 
below). 

For each s E Sw, we denote V® Klyo W by IV® by abuse of notation (because it is 
well-defined). Since all V", a E D, are simple current V°-modules, there are unique 
V°-intertwining operators of type V" x IV® —IV®’*'" up to scalar multiples. We 

choose Ig{-,z) to satisfy the condition I^{l,z) = id^y^*, i.e., I%-,z) defines the vertex 
operator on a V°-module IV® for each s E Sw- Then, by Huang [H1]-[H3], there exist 
scalars Xs{a,P) E C such that 

{u,If^^{x^,zi)I^{x^,Z2)w) = \s{a,f3){u,lY^{YvYx'^,zo)x^,Z2)w)\,^=,^-,^, ( 2 . 1 ) 

where x°‘ E V", x^ E V^, w E IV® and z/ G (IV®’*'"’''^)*. Then by the same procedure as in 
the previous subsection, we can find the 2-cocycle A(-, ■) G H‘^{D, U{CSw)) and construct 
the twisted algebra Ax{D,Sw)- By assumption, M is a direct sum of some copies of 
IV®, s G Sw, as a V°-modules so that we have M ~ ©^g^^IV® 0 Homyo(IV®, M). Set 
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:= Homyo(H^^, M). Clearly, all of C®, s G Sw, are not zero because of Lemma 2.9. 
On 14^® ® f/®, the vertex operator of x°‘ G can be written as 

Ym{x°‘,z)\w-^u- = If{x°',z)^4>s{a) ( 2 . 2 ) 

with some 4>s{c() ^ Homc(f/®, f/®’*'"). Using (2.1) we can show that 

4>s+/3{(^)4>s{P) = K{a, /3)“Vs(a + P) 

and hence we can dehne an action of Ax{D, 5vy) on (BseSw^^ by e“ ® q{s) ■ jj, := Ss,t(t>s{o:)fi 
for fjt, G UL 

Lemma 2.11. Under the aetion above, (BseSw^^ beeomes an Ax{D,Sw)-'fnodule. 

Then we have 


Proposition 2.12. Suppose that M is irredueible under Vd- Then U® is an irreducible 
C^‘’[D]y]-module for every s G Sw Moreover, ©se 5 ^yU® is an irredueible Ax{D,Sw)- 
module. 


Proof: Since fU® © U® is an irreducible Uo^-submodule of M, U® is an irreducible 
-module. Moreover, there is a canonical iSvi/)-homomorphism from P = 

Ax{D,Sw) (^c[Dw]^q{s) = {C[L>] (g)g(s)}(g)c[nw]^<?(s) U® to ®s&SwUU As 

P=ff^U^q{s) © U® 

tSv ClDw]^q{s) 

and is irreducible under Ax{D, Sw) by Theorem 2.8, we see that U* = e* © q{s) © U® and 
hence P = ©se 5 ^.^,U®. Consequently, is irreducible under Ax{D,Sw)- ■ 

Corollary 2.13. If M is an irredueible VD-module, then irredueible -components fU® 
and fU* have the same multiplicity in M for all s,t E Sw 

Proof: Because U® and have the same dimension. l 


Theorem 2.14. Let U° be a rational C 2 -C 0 finite vertex operator algebra of CFT-type, and 
let Vd = ©ae£>U" be a D-graded simple current extension ofV^. Then an indecomposable 
VD-module M is completely reducible under Vd- Consequently, Vd is regular. As a V^- 
module, an irreducible VD-submodule of M has the shape ©se^vr^h*®^^ 
irreducible C[Dw] ®q{s) ~ C^‘‘[Dw]-Tnodule for all s G Sw Moreover, all U^, t G Sw, 
are determined by one of them, say U®, by the following rule: 
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Proof: Since M = © Homv'o(lP^, M) and the space ©se 5 ^yHoniv'o(hh^, M) 

carries a structure of a module for a semisimple algebra A\{D,Sw) by Proposition 2.12, 
M is also a completely reducible VD-module because of (2.2). Since is regular, all weak 
Vb-modules are completely reducible. So Vd is also regular. Now assume that M is an 
irreducible Vo-niodule. The decomposition is already shown. It remains to show that is 
determined by by the rule as stated. It is shown in the proof of Proposition 2.12 that 
® q{s) ®U'\ It is easy to see that ® q{s) ®U'^ = 

The proof is completed. l 

By the theorem above and Theorem 2.8, the number of inequivalent irreducible Vd- 
modules containing hP as a ld°-submodule is dime Z{€,^‘[Dy/]). In particular, if Dy/ = 0, 
then the structure of a l/o-module containing W is uniquely determined by its P'^-module 
structure. This fact is already observed in Proposition 3.8 of [SY]. For convenience, we 
introduce the following notion. 

Definition 2.15. An irreducible VD-module N is said to be D-stable if = 0 for some 

irreducible Y°-submodule W. 


It is obvious that the dehnition of the D-stability is independent of the choice of an 
irreducible Y°-submodule W. Let Y*, i = 1, 2, 3, be irreducible D-stable Vo-modules, and 
let IF* be irreducible F°-subniodules of Y* for i = 1,2,3. Set IF*’" := F" Klv/o IF*. Then 
IF*’" ~ IF*’^ as F'^-modules if and only if o; = /?, and Y* as a FLmodule is isomorphic 
to ©ogdIF*’". The following lemma is a simple modiheation of Lemma 3.12 of [SY]. We 
expect that this lemma would be used in our future study. 


Lemma 2.16. Let Y* 


)agDlF*’" he as above. Then we have the following isomorphism: 
.mNV.. ^ l IFi fF2 


Vd 


yo 


In the above, ( 7 vi^^ 2 )y^ denotes the space of Vq- intertwining operators of type x Y^ 

NT 


Proof: By the Huang’s result in [H3], we can replace the assumption on the Virasoro 
element in Lemma 3.12 of [SY] by the C' 2 -cohnite condition. l 

Remark 2.17. Let M be an irreducible FD-module and IF an irreducible F°-submodule 
of M. Even if Dw ^ 0, we can apply the lemma above to M. We may consider Vd as 
a D/Diy-graded simple current extension of Fd^ as in Remark 2.10. Then we can view 
M as a D/Dvy-stable Fo-module. So by replacing D by D/Dw, we can apply the lemma 
above to M. 



2.3 Twisted modules 

Let a be an automorphism on Vd such that is contained in V^\ the space of a- 
invariants of Vd- Denote by subspaces {a G Vd | era = for 0 < r < 

|(j| — 1, where |(t| is order of a. Then are V°-submodules of Vd so that there is a 
partition D = Ulio ^such that V^*^ = ©Q,gD«l^“- can easily verify that is 
a subgroup of D and each is a coset of D with respect to Namely, if V° C V^\ 
then a is identihed with an element of D*, the dual group of D. Conversely, it is clear 
from dehnition that D* is a subgroup of Aut(VD). Thus, we have 

Lemma 2.18. An automorphism a G Aut(V) satisfies V° C vjfi'^ if and only if a G D*. 

The lemma above tells us that an automorphism a is consistent with the D-grading 
of Vd if and only if a belongs to D*. We consider a-twisted Vo-modules. Let M be an 
indecomposable admissible a-twisted VD-module. By definition, there is a decomposition 

kl-i 
M = 0 

i=0 

such that vjy'^ ■ It is obvious that each M^A jg ^ VVmodule. Let IV be 

an irreducible V°-submodule of and let Sw, Ax{D,Sw) and be as 

in Section 2.1. By replacing M by ^ necessary, we may assume that all 

V" Klyo IV, a G Dw, are contained in M'A') so that is a subgroup of _ Since M is 
a completely reducible V°-module, we have the following decomposition: 

M = 0 IV"©Homyo(IVbM), 

where we set IV^ := V* Klyo IV for s G Sw by abuse of notation. Set V* := Homyo(IV^, M) 
for s G Sw As we did before, we can hnd a 2-cocycle A G H‘^{D,U{CSw)) and a 
representation of Ax{D, Sw) on the space ©se5^.^, Thus, by the same argument, we can 
show the following. 

Theorem 2.19. Let a G D*{c. Aut(VD)). Viewing as a V^-module, an indeeomposable 
admissible a -twisted VD-module M has the shape 

M = 0 IV" © fV 

such that the space ©se5^yV® carries a structure of an Ax{D,Sw)-"module. In particular, 
M is a completely reducible VD-module. If M is irreducible under Vd, then each , s G 
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Sw, is irreducible under C[Dw] ® q{s), and also (BseSw^^ i^ irreducible under Ax{D, 5^/). 
Moreover, for each pair s and t G Sw, and U* is determined by the following rule: 


U* ~ Red 




Hence, all W^, s G Sw, have the same multiplicity in M. 


W. 


Remark 2.20. Since Dw C D®, we note that the decomposition above is a rehnement of 
the decomposition M = ©jez/lo-izd^*'*^- 

By the theorem above, Vd is a-rational for all a & D*. More precisely, we can prove 
that Vd is a-regular, that is, every weak a-twisted Vo-module is completely reducible (cf. 

[Y]). 


Corollary 2.21. An extension Vd is a-regular for all a G D*. 

Proof: Let M be a weak a-twisted Vo-niodule. Take an irreducible R°-submodule 
W of M, which is possible because is regular. Then ■ hh is a a-twisted 

admissible Vo-submodule. As we have shown that Vd is a-rational, Yla&D ■ hh is a 
completely reducible Vo-module. Thus, M is a sum of irreducible Vo-submodules and 
hence M is a direct sum of irreducible Vo-submodules. l 


3 Module categories of simple current extensions 

In the previous section, we studied a representation theory of a H-graded simple current 
extension Vd- In this section, we proceed a theory of induced modules, which is given as 
a converse step of the previous section. As a result, we can complete the classihcation of 
irreducible modules for Vd- 

3.1 Induced modules 

Let W be an irreducible I/°-module. We define the stabilizer Dw, the orbit space Sw, 
intertwining operators where a E D and s G Sw, the twisted algebra A\{D,Sw) 

and the twisted group ring C^’‘[Dw] as in Section 2.1. We set := V^^v°W for 
s G Sw, as we did previously. Denote by h{s) the top weight of a R°-module W^, which 
is a rational number by Theorem 11.3 of [DLiM3]. It follows from dehnition that the 
powers of in an intertwining operator /“(•, z) are contained in h{a + s) — h{s) + Z. We 
set x(q;, s) := h{a + s) — h{s) G Q. The following assertion is crucial for us. 

Lemma 3.1. The following hold for any a, {3 E D and s E Sw: 

(i) X(«, P + s)- x{a, s) G Z ; (ii) x(a, /3 + s) + xiP, s) - x(a + /?, s) G Z. 
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(3.1) 

(3.2) 


Proof: Recall that the following results are established by Huang in [H1]-[H3]: 

(z^, Z 2 )w^) = e,(a, (3){v, Z 2 )If{x^, 

(z^, 4“+/3(a^“i Zi)ll{xf^, Z 2 )w^) = A,(a, /3)(z/, 

where x°‘ E R", G V^, E W^, v E (lR^+"+^)*, 65 ( 0 ;,/3) is a suitable scalar in C, 
and the equals above mean that the left hand side and the right hand side are analytic 
extensions of each other. Since all Ig{-,z) are intertwining operators among modules 
involving simple currents, we note that by the convergence property in [H1]-[H3] the 
right hand side of (3.2) has the form ZQfi{zo/Z 2 )\zo=zi-z 2 the domain ^ 2 ! > 

\zi — Z 2 \ >0, where r and s are some integers and fi{x) is an analytic function on |a;| < 1 . 
Therefore, we have 

(zi - Z2)^{fi, ^i)/f Z2)w^) 

= es{a,p){zi - Z2)^{fi,If+p{x^,Z2)I^{x^,Z2)w^) 

in the domain \zi\ > \zi — Z 2 \ > 0, \z 2 \ > \zi — Z 2 \ > 0 for sufficiently large N. Since 
Ig{x°‘^ z)w^ contains only integral powers of 2 :, both 


and 

z,\W) 

contain only integral powers of Zi and Z 2 . Thus, by (3.1), (3.3) and the convergence 
property in [H1]-[H3], we obtain the following equality of the meromorphic functions: 

{zi - Z 2 Y h2 /"+^(a;“, ^i)/f (x^, ^2)^") 


= {zr-Z2re.{a,P)i-2tz-^^-'^>Z2 

x(z/, /f+„(a;^, Z 2 )I'^{x'^, Zi)w^). 


■ Z. 


Since the equality above holds for any choices of log 2:1 and log 2:2 in the dehnitions of 
zl = and zl = (cf. [H1]-[H3]), we have x(q;,s) — x(a;,s + /3) G Z and 

x(/5, s + a) — x(/3, s) G Z. This proves (i). The proof of (ii) is similar. By (3.2) and the 
convergence property in [H1]-[H3], we obtain the following equality of the meromorphic 
functions: 


As(a, (3) ^iiiz^ zi)I^{xf^, Z2)w^) 


i2oZ-^^"^^’^\u,I^+P(Yv^{x'^,zo)xf^,Z2)w^) ■ (;^2 + 


Zo = Zi-Z2- 


Again the equality holds for any choices of log( 2 :i — Z 2 ) and log 2:2 in the dehnitions of 
{zi - Z 2 Y = e^^°ghi-^ 2 ) and 4 = (cf. [H1]-[H3]). Since {z 2 + ZqY = 4(1 + Z 0 /Z 2 Y 
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and (1 + xY = is analytic in the domain |a;| < 1, we see that x(q; + /3, s) — 

x(q;, s + Y) — xiP, s) G Z. This completes the proof of (ii). I 

By the lemma above, we hnd that x(q;, s) + Z is independent of s G Sw So we may 
set x(q;) := x(q;,s) for a E D. Then by (ii) of Lemma 3.1 we hnd that x(-) satishes the 
homomorphism condition x(q; + /3)+Z = x(q;)+ x(/5)+ Z. Since x(q;) G Q, there exists an 
n G N such that y dehnes a group homomorphism from D / Dy/ to 'L/n'L = {j/n + Z | 0 < 
j < n — 1}. It is clear that y naturally dehnes an element y of D* by y(Q;) := 

Thus y gives rise to an element of Aut(I/c))- In the following, we will construct irreducible 
y-twisted VD-modules which contain W as I^°-submodules. 

Take an s G Sw Let 99 be an irreducible representation of C^pDiy] on a space U. For 
each t G Swi set 




Then each f/*, t G Swi is a C^‘[Zlvv]-niodule and a direct sum ®s&Sw^^ naturally (and 
uniquely) carries a structure of an irreducible A\{D, S'vi/)-niodule. Set 


:= 0 
s^Sw 

and dehne the vertex operator Y (•, z) of Vd on Indj^o (hF, 99) by 

Y, z)w^ ® lY := IY{x°', z)w^ ^{ 6 °^ ® q{t) ■ lY} 


for x" G and ® G IF* ® F*. We prove 

Theorem 3.2. {ln<Y^{W,ip),Y{-, z)) is an irreducible x-iwisted Vo-module. 

Proof: Since the powers of 2: in Y{x°‘,z) are contained in y(Q;) + Z, we only need 
to show the commutativity and the y-twisted associativity of vertex operators. We use 
a technique of generalized rational functions developed in [DL]. Let G F“, x^ G F^, 
® G W^®U^ and v G Indyo(IF, 99)*. We note that z~AY^ z)w^ G W^~^^{{z)). 
For sufficiently large iV G N, we have 

{zi — Z2)^ ii2 {u, Y (x", Zi)Y {x^, Z2)w^ ® /i^) 

= (f - Z2Y ii 2 /“+^(a;“, 2 :i)/f (x^, 2:2)^^ 

®{e" ® q{s + Y) ■ (e^ 0 q{s) ■ /i^)}) 

= {z^-Z 2ri-,^,Z-^^^^Z-^^^\vJ^^p{xYz^)I|{xYz2)^^^^^ 

(8){As(a, /5)“F"+^ 0 q{s) ■ /x®}) 

= 

■(z/, A*(a, /3)/f+^((2;4 - zY^YvYx'", z^Yy^Y'^, z^X z^w^ 
(g){A*(a,/3)"F"+^(g)g(s) ■ Y])\zi=zi-z3,z5=z2-z3 
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= + Z4) + Z5) - Z5)^Yva(x^, Z5 )Yvj,(x°‘, 2:4)1,2:3)^® 

®{e '^^(^g{s)-fi }) |24=5;j^_23^2:5=^2-^3 

= {zi - Z2)^ \s{p, a)-i/f+„(a;^, Z2)Is{x^, Zi)I%l, ^3)^" 

®{(A^(/9, a)e^ ® q{s + a) * e°‘® q{s)) ■ /i^}) 

= ( 2:1 — Z2)^ ii2Zi^^°‘^ Z2^^'^\jy,Y{x^, Z2 )Y{x°‘, zi)w‘^ ® f^'^). 

Therefore, we get the commutativity. Similarly, we have 

iu {u, Y (x", zi)Y {x^, Z 2 )w^ ® 

= Jf_^^(a;",2:i)Jf(a;^,2:2)w®®{e"®g(s + /9) • (e^®g(s) -/i^)}) 

= ^s(a, I3){z2 + Zo)-^^°‘^+^Z2^^’^h'^+f^{Yvj,{x'^, Zo)x^, Z2)w^ 

0{As(o!, /3)“^e“+^ ® q(s) ■ /i^}) 

= ho(Y (^2 + (y'voi^'^, ^o)x^, Z2)yj''0 M^}izo=zi-Z2- 

Hence, we obtain the associativity. l 

Suppose that a simple VOA V and a hnite group G acting on V is given. Then the 
G-invariants of V, called the G-orbifold of V, is also a simple VOA by [DM1]. It is 
an important problem to classify the modnle category of in the orbifold conformal 
field theory. It was conjectured in [DVVV] that every irreducible V'^-module appears in 
a gf-twisted V-module for some g & G. In our case, is exactly the D*-invariants of the 
extension Vo- By Theorem 3.2, we see that the conjectnre is true for a pair {V£,,D*). 

Theorem 3.3. Let be a rational, G 2 -cofinite and CFT-type VOA, and D a finite 
abelian group. Let Vd = ©aen>f^“ be a D-graded simple current extension of . Then 
every irreducible V^-module W is contained in an irreducible a-twisted Vn-module for 
some (j E D*. Moreover, a is uniquely determined by W. 

3.2 Application to the 3A-algebra for the Monster 

Here we give an application of Theorem 3.2. We use the notation of [SY] without any 
comments. A typical example of a vertex operator algebra generated by two conformal 
vectors is studied in [SY]. Denote it by U as in [SY]. It has a shape U = ®U^ ®U'^ 

with = IT(0)©Y(0), = IT(|)+©Y(|)+, = IT(|)-©Y(|)-, and it is shown 

in [SY] that f/ is a Zs-graded simple current extension of 17°. Dehne C, G Aut(17) by 
dt/i = . id(yi. Then by Theorem 3.2 every irredncible 17°-modnle nniquely is 

indnced to be a C-^-twisted 17-module as follows: 
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(i) untwisted [/-modules: Ind[;|oH/(/i) ® N{k), h G {0, |}, k G {0, |}. 

(ii) C-twisted [/-modules: Ind^oW(h) ® N(k)^, G {0, |}, k G 

(iii) C^-twisted [/-modules: ln.d^oW{h) ®N(k)~, h G {0, |}, k G 

In the above, Ind^oX denotes X © (U^ Kl^/o X) © ([/^ Kl^/o X) for an irreducible [/^-module 
X (note that [/* KI[/o X 7 / [// Kljyo X \i i ^ j mod 3). It is shown in [SY] that Aut([/) = 
S 3 . Thus, we have a classihcation of Za-twisted [/-modules. 

Theorem 3.4. Every irreducible U^-module is uniquely lifted to an irreducible Q-twisted 
U-module for some i = 0,1, 2. 

Remark 3.5. It is shown in [SY] that U is contained in the famous moonshine VOA 
[FLM], and that ( naturally induces a 3A element of Monster, the automorphism group 
of Yl 
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